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SECOND PUBLIC EXAMINATION
Honour School of Physics — Part B: 3 and 4 Year Courses

Honour School of Physics and Philosophy Part B

B2. SYMMETRY AND RELATIVITY

TRINITY TERM 2016

.’ Wednesday, 15 June, 2.30 pm — 4.30 pm

Answer five questions with at least one from each section:
Start the answer to each question in a fresh book.
A list of physical constants and conversion factors accompanies this paper.

The numbers in the margin indicate the weight that the Ezaminers expect to
~assign to each part of the question.

Do NOT turn over until told that you may do so.



The following notation is used throughout the paper: capital bold letters
(e.g. U) indicate 4-vectors; lower case bold letters (e.g. V) indicate 3-
vectors. Note, however, that the symbols E, B and A in questions 3 and
4 indicate 3-vectors: the electric and magnetic fields and vector potential
respectively.

1. For a particle of mass m moving along a world-line in an inertial reference frame,
S, define the proper time, 7, 4-velocity, U and 4-acceleration, A. Using the relation for
the v-factor, v(v) = 1/4/1 — v%/c? of the particle, dy/dt = y*(v - a/c?), where v and a

are the particle 3-velocity and 3-acceleration, correspondingly, find A in terms of v, v

and a.
Find the invariants of 4-velocity and 4-momentum. Evaluate explicitly the scalar
product, U - A.

Two events in S are characterized by 4-coordinates, D = (ct4,X%q4) and B =
(cty, Xp), where x4 and x,, are 3-vectors. Write down the condition for these events to
be connected by a time-like interval. In such a case, can we find an iner
S’, where the two events are occurring simultaneously? Explain. What iS":tm%e"
meaning of the condition D - B = (0?

%

Define proper acceleration and pure force. A particle undergoing
tion has a worldline given by 22 — 2 = L2, where L is a constant and tk
is ¢ = 1. Find the particle’s speed, v, the Lorentz factor, v(v) and
as functions of z and show that ay? is constant.

Now consider the motion of a particle of mass m,

strength 5MV m~! that is co
nd of the gap. How much woul

(5]

3]




¥, s gm’i‘\z ymvezeRR BER
i =]

-t R T e
YY) TR JeB

J Py —

2. A frame S’ is moving relative to the laboratory frame, S, with velocity v —
_alk \\{fj}vz,0,0). A particle of mass m moves in S with velocity u = (uz,1,,0). Let 8 be
¥ - the angle between u and v in S. Using u = uj +uy, where uy is the component of the

& particle’s velocity in the direction of motion of §’ and u is the component perpendicular

? : to it, show that the angle 6’ in frame S’ is given by
o s j& e usinf p
o\ ’E’/ i Lo Yo(ucosd —v)’ e

o

Ymh\% where v, = 7(v) is the Lorenz factor. 5]
22

In frame S an electron moves in a uniform magnetic field, B = (0,0, B), along a
Q)d/,\% spiral trajectory defined by the Larmor radius, R, and a constant longitudinal velocity,
- v. || B. The initial 4-momentum of the electron is Py. The ratio between longitudinal
ZZ\;,-\JA-' and (ransverse components of the electron’s 3-momentum is p;/p. = 1, while the
@ electron’s Lorentz factor is v = 17. At t = {y a constant electric field, E = (0,0. E.). is
" Q‘?\)Y\:L applied in such a way that it decelerates the electron. After propagating 1 m along the
Yv.“';’\}\’ \\}': direction, the electron’s longitudinal velocity drops to zero, v, = 0. Find the strength,
‘&/ E., of the electric field applied and the factor v at the end of the trajectory. Sketch the r
Y\,{’/ = Q,% dependence of the Larmor radius on 2. Ignore any radiation effects by the electron. (7]

Mit: Use the fact that the electron’s rest energy in eV is moc? = 0.511 MeV and
N Y =1+ eV/moc?, where V is the voltage applied.]
3 ,:6”\/ Two photons of the same angular frequency, w, and with 4-momenta P; and Py,
J ?\% ij ~ move in the stationary frame S. The first photon moves along the = direction and has
S vy = 0 while the second photon moves at some angle 6 to the z direction. Both photons
4 - T o— N\o(@"B): (/E{}) + %(\E\E)gj)

(4]

é,.

stem as a function of w and H;Eand
U
/Mog(‘: f—- -,%L:t (7]

:lectron. In the lab frame, S, find the maximum photon
e electron’s energy is 2 GeV and the photon’s wavelength
n’s wavelength. ' ' (6]
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3. Name three phenomena, each of which can be detected via the studies of emitted \

or reflected light in astrophysics, that would represent a direct test of Special Relativity.
Explain what the relativistic Doppler effect is and derive the equation for the photon’s
frequency shift from w to w’ between reference frames S and S', respectively, moving
with relative velocity v. The photon is emitted at an angle  with respect to v in S. [6]

A plane monochromatic electromagnetic wave with angular frequency w and wave
3-vector k propagates in a uniform medium with refractive index n. Define the phase
and group velocities, vy, and vy, and show that vgrvy, = ¢ for n = 1. (4]

An electron of mass m. and a proton of mass M, are moving in the lab frame
S in opposite directions but toward each other with velocities, v = (0,0, +v,), respec-
tively. At some moment the particles collide and a photon is emitted in the direction
perpendicular to the z axis. After the collision, the electron and the proton are moving
as a single particle. The wavelength of the photon as measured by an observer in the
laboratory frame is A\. Find the minimal total energy of the electron and proton, Ej,
before the collision that would allow emission of such a photon. (7] .

A plane, linearly polarized electromagnetic wave propagates in the z direction
through a uniform medium with the refractive index n > 1. The electric and magnetic : /
ficlds of the wave are given by ( 0’0”() l/J {

1~
E, = Eycos(wt — kz), Bz = Bocos(wt—kz) and |Eg x Bg|= 1. b

Find the vector potential, A, the scalar potential, ¢ and the wave 4-vector, K, in the
Lorentz gauge, A, = 0. Is it possible to find a reference frame in which either the
electric or magnetic field of the wave defined above would vanish? If yes, find the frame’s
velocity relative to the lab frame.

(8]
EQTEF < é-: T rn -
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4. Write down the relation between the electric and magnetic fields, E and B, and
the components of the 4-vector potential, A*. Define the field strength tensor, Fof —
9 AP — 8P A* and show that its components satisfy 9°F® + 92 Fbc + 9P Fea — 0, Define
the 4-current, J,,, and show that two out of the four Maxwell’s equations can be written
in the form 0" F,, = J,.

Show that the Lorentz force acting on the unit volume of charge density, p, can
be written as f, = JYF,,. What is the physical meaning of the fo component of this
4-vector?

Consider a unit vector, Uj, = W*/(mqc|s|), parallel to the Pauli-Lubanski spin
vector, W# = (s-p,Es/c). Show without direct calculations that Ujj, and the 4-
momentum are orthogonal to each other, i.e. U}, P, = 0. [Hint: Use the rest frame.]

A free relativistic electron (with v = 100) moves (a) in a vacuum (refractive index
n = 1), or (b) in a uniform medium (refractive index n = 2). Explain whether the
electron emits a photon in either of the cases listed. If the electron in case (a) or case
(b) can emit a photon, at what angle with respect to the electron’s trajectory is the
photon emitted? -

A straight wire with the charge density p moves with velocity v along the z axis.
Find the electric and magnetic fields, E and B, generated by the wire in the frames:

(i) S’ which is co-moving with the wire;
(ii) the laboratory (stationary) frame S.

A second identical wire having the same charge density and separated by the
istance, d, from the first wire moves parallel to the first wire with the same velccity. is
ible to find such a frame that the forces between wires can be described as purely
tic? Prove the statement.

[7]

[5]

[6]

(7l
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